The current status of the LHC experiments has imposed serious constraints on the prominent proposals for the electroweak hierarchy problem. Therefore, recently, theoretically different approaches which are called relaxation have been explored. In the present paper, we formulate other relaxation scenarios for the electroweak hierarchy by involving the gravitational extension. We assume that the frames of the fundamental (UV) theory or the extended gravity theory are essentially different from the frame of the Standard Model. By rescaling the metric via the conformal transformation, the dimensional parameters as the Higgs boson mass or the cosmological constant can be sufficiently suppressed against the UV cut-off scale in the rescaled (physical) frame. The electroweak scale depends on the dynamical and running behavior of the dilatonic scalar field or the unknown scaling parameter. In these scenarios, the electroweak hierarchy problem can be naturally relaxed with the modification of the gravitational sector.
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I. INTRODUCTION
The electroweak hierarchy problem has been recognized as the most notorious difficulty for the high-energy physics in the past decades and often rephrased as a problem of naturalness [1] [2] [3] [4] . The naturalness (or the hierarchy problem) is a theoretical and reasonable presumption that the low-energy effective field theory should not be extremely sensitive to the high-energy theory. In general, the dimensional parameters like a scalar mass are as large as the ultraviolet (UV) cut-off scale without involving any special fine-tuning of the parameters or any symmetry. For the Standard Model (SM) case, the Higgs boson mass grows up to the UV cut-off scale M U V by the quadratically divergent quantum corrections [5]
where δM 2 H should not be much larger than the observed Higgs boson mass M obs H = 125.09 GeV [6] [7] [8] . The majority of recently theoretical efforts to solve the Higgs naturalness problem (or the electroweak hierarchy problem) assume a TeV scale new physics. e.g. supersymmetry, extra-dimensions and compositeness. However, these prominent proposals has been suffered from the observed Higgs boson mass M obs H = 125.09 GeV and the current experimental constraints on the new physics. Therefore, recently, theoretically different approaches to the electroweak hierarchy problem have been explored in Ref. [9] [10] [11] [12] [13] [14] [15] [16] [17] which is based on the cosmological relaxation mechanism of Ref. [18] explaining dynamically the smallness of the cosmological constant. This relaxation mechanism is based on the dynamical (cosmological) evolution of the Higgs and the axion-like scalar field in the inflationary Universe, and can lead to the naturally small electroweak scale against the high energy (UV) theory.
In the preset paper we formulate other relaxation scenarios to the electroweak hierarchy problem by involving the gravitational modification, which has been proposed and discussed somewhat obscurely in Ref. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . By considering the extended gravity theory and rescaling the metric, the Higgs mass parameter or the cosmological constant can be sufficiently suppressed against the UV cut-off scale in the physical (rescaled) frame. If we assume the dilatonic scalar field non-minimally coupled to gravity, the relaxation of the electroweak scale can be activated by the dynamical and running behavior of the (dilatonic) scalar field as discussed in Ref. [19] [20] [21] [22] [23] [24] . However, if the Higgs sector is sequestered from the gravitational sector via the unknown scaling parameter, the large Higgs mass parameter can be sufficiently relaxed as the vacuum energy sequestering scenario proposed in Ref. [25] [26] [27] [28] [29] [30] and discussed in Ref. [31] [32] [33] [34] . In these gravitational relaxation scenarios, the electroweak hierarchy can be naturally alleviated against the UV cut-off scale.
The layout of this paper is the following: In Section II we introduce the basic formulation for the gravitational relaxation scenarios. In Section III we consider the running gravitational relaxation scenarios following Ref. [19] [20] [21] [22] [23] [24] and simplify our discussion. In Section IV we consider the vacuum energy sequestering of Ref. [25] [26] [27] [28] [29] [30] as a concrete example for the electroweak hierarchy problem with the gravitational modification and we discuss the relation between such a model and our scenario. Finally, in Section V we summarize the conclusion of our work.
II. GRAVITATIONAL RELAXATION FOR THE ELECTROWEAK HIERARCHY
In this section, we introduce the gravitational relaxation scenario for the electroweak hierarchy problem. We consider an extended gravity theory including the Higgs field Φ and the (dilatonic) scalar field χ non-minimally coupled to gravity. The classic action is written by
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The action for the gravity sector including the (dilatonic) scalar field χ is given by
The action for the Higgs sector is given by
where the (bare) Higgs potential can be written by
Now, we assume that the Higgs mass M Φ and the cosmological constant Λ b are the UV scale to be Λ
Note that if there exists exact supersymmetry or conformal symmetry, such symmetries can force the cosmological constant or the Higgs mass parameter to be smaller than the cut-off scale. However, in the real world, such symmetries are broken and the dimensional parameters grow in proportion to the breaking scale. Therefore, we eventually encounter the hierarchy problem via the symmetry breaking scale, and that is the situation in the standard SUSY models. In general, it is difficult to protect the dimensional parameters from both large classical and quantum corrections via the high-energy scale. However, in our scenarios, this hierarchy problem can easily be relaxed via rescaling the metric. Now, we rescale the metric via the conformal transformations [35] as the following
The scalar curvature is transformed as follows:
where denotes the covariant d'Alembertian operator and satisfies
Thus, the action for the gravity sector can be transformed as follows:
where we write down the action in the Einstein frame (in which scalar curvature is not multiplied by the scalar field), and Ω (χ), F (χ), V (χ) and G (χ) are given by
The reduced Planck mass
18 GeV is directly related with the Newton's constant which has tight constraints from the cosmological observations [36, 37] . The Higgs field Φ are transformed as
The Higgs potential is transformed as follows:
Note that the action in the Standard Model is conformally invariant except for the Higgs potential. The actions of the gauge fields or the fermions are only rescaled via the conformal transformations. As mathematical manipulations via the conformal transformation, there are various frames of the metric, e.g. Jordan frame, String frame and Einstein frame. However, there is no consensus about the physical equivalence of these frames over the years [38] [39] [40] [41] [42] [43] [44] [45] and furthermore we cannot determine a unique physical frame in the extended gravity theory. We assume that the frames of the the high-energy theories, e.g. the extra-dimensions or the superstring theory are different from the frame of the ordinary Standard Model and appropriately control the dimensional parameters via the rescaling metric. Our set-up is similar to the Randall-Sundrum model [46] where the large hierarchy is suppressed by the exponential warping factor e −krcφ which depends on an addition extra-dimension [47] . In this scenario, the four-dimensional components of the bulk metric g µν and the four-dimensional (physical) metric g µν have the relation g µν = e −2krcφ g µν where k is a Planck scale constant and φ is the extra-dimensional coordinate with the size r c [48] . For the Higgs sector the action is given by
By using the rescaling (physical) metric g µν instead of the bulk metric g µν , this action can be written as
where H is the transformed Higgs field satisfying the relation H = e krcφ Φ. The Higgs mass parameter M Φ in the fundamental higher-dimensional theory can be suppressed when measured with the rescaling (physical) metric g µν and become the order of the electroweak scale without difficulty as the following
A. Various gravitational relaxation scenarios
Now let us return and discuss our theory. If we take Ω 2 (χ) = M 2 /χ 2 where M is the fundamental scale, the transformed Higgs potential is given by
Therefore, the Higgs mass and the cosmological constant are suppressed and screened off from the high-energy scale. On the other hand, there is a similar scenario to screen the cosmological constant by a scalar field χ, called cosmon field [49] [50] [51] [52] . Here, we assume Ω 2 (χ) = χ 2 /M 2 , the transformed Higgs potential can be given as
If the classic scalar field χ or the vacuum expectation value (VEV) of χ become larger and larger, i.e. χ 1, the Higgs mass and the cosmological constant are sufficiently suppressed and asymptotically vanish. Next we consider the specific dilaton model [23] where the action can be written as follows:
where we assume that M is the order of the cut-off scale to be Λ
Let us transform this action into Einstein frame by rescaling the metric
The Higgs mass parameter M Φ can be exponentially suppressed as the following
where we can have two approaches or interpretations. If we regard g µν as the physical metric, the Planck (mass) scale emerges dynamically by the spontaneous symmetry breaking of the dilaton symmetry as M pl M e vχ/η . By assuming Λ
1/4 b
M Φ M M EW where M EW express the electroweak scale, we can solve the large hierarchy problem [23] although the quantum gravity effects appear above the electroweak scale. On the other hand, if we consider the rescaling metric g µν to be physical, the Higgs mass parameter M Φ of the fundamental extended gravity theory can be suppressed in the physical (rescaled) frame. This approach is almost identical to the famous RandallSundrum model.
In these models, the dimensional parameters like the Higgs boson mass, or even the cosmological constant are screened off from the fundamental cut-off scale. However, we can not solve both the electroweak hierarchy problem and the cosmological constant problem at once. After all we encounter the fine-tuning problem between the TeV scale and the dark energy although the physical cosmological constant to be Λ
M EW might be more or less relaxed. Thus, we must require anther relaxation mechanism for the cosmological constant.
III. RUNNING GRAVITATIONAL RELAXATION FOR THE ELECTROWEAK HIERARCHY
In the previous section, we have discussed how our scenarios can alleviate the large Higgs mass and the cosmological constant via rescaling the metric. In this section, we discuss the running gravitational relaxation scenario [24] where we treat the (dilatonic) scalar field χ as the quantum field and consider the renormalisation group (RG) running behaviors [53] . For simplicity, we consider the action for the Higgs sector in Jordan frame as follows:
where we assume that the (dilatonic) scalar χ satisfy
This assumption is for simplifying our discussion and the generalization of this model has no difficulty. Now let us perform the conformal transformation to be Ω 2 (χ) = M 2 pl /χ 2 and consider the action for the Higgs sector in Einstein frame
Here, we redefine the scalar field as χ → φ = χ √ 12 and obtain the action for the Higgs sector as follows:
where this action is consistent with the induced gravity theory [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] , but we do not discuss the cosmological consequences of the Universe for simplicity. The transformed Higgs potential can be given by
where the Higgs mass parameter and the cosmological constant become marginal operators with zero scaling dimensions and they are fixed at the UV cut-off scale as
The renormalisation group (RG) runnings of λ Λ , λ M and λ are determined by the one-loop β-functions [68, 69] 
Note that the one-loop running of the gauge coupling or the Yukawa coupling are not changed by the conformal transformation because the actions of the gauge sectors or the fermion sectors are only rescaled via the conformal transformations. The transformed Higgs potential has classical conformal symmetry and naturally realize the electroweak scale via the RG running behavior, i.e. the radiative symmetry breaking where these theories are free from the electroweak hierarchy problem (more detailed discussions are given by Ref. [70] [71] [72] [73] ). Therefore, we can convert the fundamental (high-energy) theory into the classical conformal theory by rescaling the metric via the conformal transformations.
IV. VACUUM ENERGY SEQUESTERING FOR THE ELECTROWEAK HIERARCHY
In this section, we discuss the vacuum energy sequestering scenario as a concrete model for the electroweak hierarchy problem with the modification of the gravity theory. The vacuum energy sequestering scenario proposed in Ref. [25] [26] [27] [28] [29] [30] is the simple model to solve the cosmological constant problem, and can relax the large discrepancy between the vacuum energy density from quantum corrections and the current observed value via the scaling parameter η. This scenario assumes a minimal modification of general relativity to make all scales in the matter sector functionals of the 4-volume element of the Universe. In the context of this scenario, the Universe should be finite in space-time and a transient stage with the present epoch of accelerated expansion before the big crunch [33] , but it has been shown that these models could be consistent with the cosmological observation (there are similar models in the context of the unimodular gravity and more detailed discussions are given by Ref. [74] [75] [76] [77] [78] [79] [80] [81] [82] ). The mechanism of this scenario is almost the same as the previously discussed one and the unknown scaling parameter η can be regarded as the VEV of the (dilatonic) scalar field χ or φ. Now, we show that such a model can also be effective against the electroweak hierarchy problem. The vacuum energy sequestering scenario is described by the following action
where Λ b is the bare cosmological constant and η is the scaling parameter relaxing the large hierarchy. The function σ(x) is an adequate function to impose the global constraints and µ is a parameter with the mass dimension. The Lagrangian density L η −2 g µν , Φ for the matter (Higgs) sector couples minimally to the rescaled metric g µν = η 2 g µν and includes the Higgs potential as
The parameter η sets the hierarchy between the physical scale (the electroweak scale or the dark energy scale) and the UV cut-off scale M U V . Therefore, the Higgs mass parameter of the order of the UV cut-off scale are sufficiently suppressed as
where M H is the observed Higgs boson mass and η 1. To show more accurately the heart of this mechanism, we rewrite this action for the Higgs sector by using the rescaled metric g µν as
where
The matter Lagrangian is written by the rescaling metric g µν as
Therefore, by using the conformal transformation, the matter Lagrangian can be written as
where we assume H = ηΦ. Therefore, if the Higgs sector is sequestered from the gravitational sector via the scaling parameter η 1, the large Higgs mass parameter can be sufficiently suppressed. The unknown scaling parameter η can be regarded as the dilatonic scalar field χ or φ in the scenarios previously discussed in Section II and Section III. The extended gravity theory has the possibility of solving the electroweak hierarchy problem without trouble, but require that the frames of the fundamental (UV) theory are essentially different or sequestered from the frame of the Standard Model.
V. CONCLUSION AND SUMMARY
In the present paper, we have formulated the gravitational relaxation scenarios for the electroweak hierarchy problem. We suppose that the frame of the fundamental (UV) theory or the gravity theory is essentially different from the frame of the ordinary Standard Model. The large Higgs mass parameter or the cosmological constant of the extended gravity (UV) theory can be sufficiently relaxed in the physical (rescaled) frame. This relaxation mechanism depends on the dynamical or running behavior of the (dilatonic) scalar field χ or φ. On the other hand, the vacuum energy sequestering scenario can also be effective against the electroweak hierarchy problem by assuming that the four-dimensional metrics of the gravity sector and the Higgs sector are different via the scaling parameter η. In these scenarios, the electroweak scale can naturally realize against the UV cut-off scale by requiring modifications of the gravitational sector and rescaling the four-dimensional metric.
